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Abstract

The geometry of a furnace inner wall is estimated by an inverse method in this work. Based upon the concept of a virtual area, in the
analysis process the heat conduction equation with boundary conditions was first discretized by a finite difference method to form a
matrix equation. And then the linear least-squares error method was applied to determine the temperature of virtual boundary by inverse
process. Finally, the geometry of the furnace inner wall can be obtained by direct process. Furthermore, the effects of the measurement
errors, number of measurements and position of measurements on the deviation of geometry prediction are also discussed.
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1. Introduction

In heat conduction problem, if the boundary conditions,
initial conditions and material properties are given, the
temperature field in the system can be directly solved. This
is the so-called well-posed problem and has the so-called
direct solution. If the boundary conditions, initial condi-
tions and material properties are unknown, but the temper-
ature variation at some specific points in the system are
given, the boundary conditions (boundary geometry), ini-
tial conditions and material properties can be inversely esti-
mated. This is the so-called ill-posed problem [1] and has
the so-called inverse solution. In inverse heat conduction
problem, if the temperatures at some appropriate points
on the surface or inside the solid are measured by a
ultra-red optical thermometer or a thermocouple, the data
can then be used to find initial values and boundary condi-
tions (temperature or boundary geometry) or to analyze
some significant parameters, such as thermal conductivity
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[2-4], surface heat flux [5-9] and internal energy source
[10].

The inverse problem of undetermined geometry has
been widely used in various industrial applications, for
examples, the prediction of geometry of blast furnace inner
wall, the prediction of crevice and pitting of furnace wall
and the optimization of geometry (Chiang [11]). If the
boundary geometry is unknown, the calculated region can-
not be determined due to unknown boundary. Thus, the
inverse problem becomes extremely complicated. In practi-
cal industrial applications the geometry of the blast furnace
inner wall is in general represented by an isothermal curve
of eutectic temperature of Fe—C system. So far the geome-
try of the furnace inner wall is mainly estimated by using
some measured point temperatures based upon the theory
in large steel factories. There are certain methods that are
frequently used for the estimate of the geometry, e.g. esti-
mation based on heat flux estimated by measured temper-
atures (Hitier [12]), estimation based on the relation
between the measured temperatures and residual thickness
of furnace wall (Suh [13]), and estimation by using the
least-squares of errors between the measured and the esti-
mated values based on optimum iterative theory (Yoshik-
awa [14]). As for the estimate of undetermined geometry
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Nomenclature

>

constant matrix constructed from thermal prop-
erties and space coordinates

coefficient matrix of C

Biot number, A7, /k

vector constructed from the unknown boundary
conditions

product of A~' and B

error function

heat transfer coefficients

thermal conductivity

reverse matrix

dimensional radius of the cylinder
dimensionless radius of the cylinder

cylindrical coordinate

dimensional temperature

dimensionless temperature

temperature matrix

T(r,0) temperature at each grid point (7, 0)

Ay

HNNS YT YRS T
(e

Ar increment of radial coordinate

A0 increment of angular coordinate

w random number, —1 < w < 1

g measurement errors

Subscripts

est estimated data

exact exact temperature

i index of radial coordinate, inner wall

j index of angular coordinate

mea measured data

m number of unknown physical quantity

n number of the linear equations after discretiza-
tion

0 outer wall

p number of measured points

0 refers to ambient

Greek symbols

of the boundary by inverse process, a general method was
first developed in 1986 by Hsieh [15]. This method can also
be applied for the estimation of non-linear geometry. A
three-dimensional geometry was successfully predicted by
the finite element methods proposed by Met [16] and Alex-
audrou [17] in 1991. In 1997, Huang [18] estimated an
irregular boundary shape by a conjugate gradient method
and a Levenberg—Marquardt method using a boundary ele-
ment approach. He found that the result obtained by the
conjugate gradient method is better than that of Leven-
berg—Marquardt method. The former has many advanta-
ges include: (i) needs very short computer time; (ii) does
not require a very accurate initial guess of the boundary
shape; and (iii) needs less number of sensors. In 1999,
Huang [19] further extended the inverse geometry problem
to a multiple region domain in estimating time and space
varying boundary configurations. This approach can be
applied to nondestructive evaluation techniques and other
problems such as frost thickness estimation in refrigeration
systems. However, no matter what method is used, the
number of measured points, the measurement locations,
and the measurement errors are important in the process
of geometry estimate.

This study proposed a new approach for the estimation
of the geometry of a furnace inner wall on the basis of an
inverse matrix method and a virtual area concept. In this
proposed approach, the unknown geometry was first
expressed as a function of temperature by a matrix equa-
tion constituted by rearrangement of the governing equa-
tion and boundary conditions. The actual geometry is
then estimated by using the function of temperature. This
study particularly emphasizes the effect of point numbers
of measurement, measurement locations, and the measure-
ment errors on the prediction of the unknown boundary.

2. Basic assumptions and mathematical model
2.1. The direct problem

Before the process is inversed, temperatures inside the
system and on the furnace outer wall must be found by a
direct process so that they can be adopted as the measured
temperatures and the measurement errors needed for
inverse estimation process. In this work a two-dimensional
furnace wall system, as shown in Fig. 1, is considered. In
this system the outer radius of the furnace is assumed to
be a constant value of 7, and the inner radius 7; of the fur-
nace is assumed to be dependent on the polar angle . To
establish an appropriate physical model, some reasonable
assumptions are presented. The temperature 7; in furnace
is regarded as steady after a long time of operation and

Furnace wall

Virtual area

Unknown Boundary

Fig. 1. The furnace wall system.
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the thermal conductivity of furnace wall is taken as con-
stant. The governing equation for the temperature,
T(7,0), of the two-dimensional furnace wall system in
steady state can be expressed as:

O*T (7, 0) N 107(r,0) N 1 9°7(r,0)
or? Fooor 72 o0

=0 (1)

The associated boundary conditions are given as

T(r,0)=T;, r=r (2)
oT (7,0 - =
—-K g;_: >:h(T0_Toc)7 r=r, (3>
The dimensionless parameters are taken as
r:;7 ri:,_ia }/'0:7—0:1, T:I_zx7
7o 7o o T, — Ty
h7,
Bi=— 4
= )

where Bi is Biot number. In this work the number is set to
Bi = 2. By plugging the dimensionless parameters into Egs.
(1)-(3), the governing equation and the boundary condi-
tions become

o*T(r,0) L1 oT(r, 0) 1 o*T(r, 0)

or? roor 207 0 (5)
rr,0)=1, r=n (6)
or g’ O _BiTr0), rery=1 (7)

"

Since the temperature is periodic in 0 with a period 27, one
can have

T(r,0) =T(r,0 +2n) (8)

where T'(r,0) is the temperature at point (r, 0), which can
then be obtained by using Egs. (5)—(8).

2.2. The inverse process for the estimation of a furnace inner
wall geometry

In the inverse process for obtaining the furnace inner
wall geometry, the estimated region cannot be defined
due to unknown boundary geometry r;(6). Thus, the
inverse process cannot be performed directly. A new
method is then proposed based on a virtual area concept.
As shown in Fig. 1, a virtual area is introduced inside the
furnace r < r;. The thermal conductivity in this virtual area
is the same as that in furnace wall. Except the virtual
boundary, the outer boundary is assumed identical to the
real system. The governing equation and basic assumptions
of the virtual area are also assumed identical to the real sys-
tem. Based on the conditions stated above, the geometry of
furnace wall still cannot be directly found by the inverse
process. The computed area is extended to the virtual
boundary. For this reason, Eq. (6) should be replaced by

T(r,0) =Ts, r=r 9)

where » = r, is the virtual boundary.

The finite-difference method was first used to discretize
the governing equation and boundary condition of Egs.
(5), (7)~9). The result was shown as follows:

1 11

(A—F)Z(Tiil’j — ZTLJ’ + TH»l,j) +; E(TH»IJ - T’;l’j)
I 1
+r—zw(]~[,j—l —2T;j+Tiny) =0 (10)
=T, r=r,

T, =T 11
Ti;— Ty
% = —Bily;, r=ro (12
Tip=Tin (13)

In Eqgs. (10)—«(13), Ar and A0 are the increment in dimen-
sionless space coordinates; 7T, is the dimensionless temper-
ature of grid point (i, ) in which subscript i and j are ith
and jth grid point in r and 6 coordinates, respectively; the
subscript v in 7, ; indicates the grid point at virtual bound-
ary in r direction; Ty is the temperature of grid point (v, /)
at virtual boundary. The subscript [ represent the grids at
outer surface, »r =r,, and N denotes the number of grid
point in 6 direction. For inverse operation, Egs. (10)—(13)
must be rearranged, and the virtual system can be repre-
sented by the following matrix equation:

Anannxl = anmcmxl (14)

where A is a constant matrix which is a function of space
increment Ar, A6 and heat property; vector T is formed
by the temperatures of measured points; vector C consists
of temperature, Ty, ), of discrete points for determination;
B is the coefficient matrix of C; the n is the number of dis-
cretized linear equations; and m is the number of unknown
boundary conditions.
We can rewrite Eq. (10) in the following form:

Cl,‘T,‘,l‘j + biTi‘,j —+ CiTH»l‘j + diTi.,jfl —+ eiTi1j+1 = O (15)

where a; — ¢; are the constant parameters constructed from
the spatial coordinates of the system. Therefore, the ele-
ments of each matrix in the linear matrix Eq. (14) can be
expressed as

AL 0
gl 0
A= al A, ¢l J
0 gl
|0 21 A (D)%)
_ . B
0
A= d b e
0
L e dyss
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where I is an identity matrix, 0 is a zero matrix,
sur = by — 2¢;BilAr

T=[T, --- T, --- T,

T,=[Tu - Ty i)'
B=[B 0 - - 0l
B, = —0.5I,

C=[T, - Ty Tos]"

A major advantage of the proposed inverse approach is
that the construction of the linear inverse model given in
Eq. (14) requires no explicit assumptions regarding the
functional forms of the unknown geometry. Finally, the
measured temperatures are substituted into the inverse
model of Eq. (14), which can then be solved using the fol-
lowing procedure:

Suppose that the estimated conditions of C can be
obtained from the given estimated temperatures, T, then:

AT = BCest (16)

The matrix A has an inverse matrix A~' due to the exis-
tence of the unique solution for the problem. Eq. (16)
can be further re-arranged and expressed as

Test - AilBCesl - ECest (17)

where E = A~'B. The total number of the linear equation
groups in the above formula is n. The equation correspond-
ing to the measured value of (Tie),,., can be taken out and
re-expressed as

T,..=(A"'B)  Chu (18)

pxm

where p is the number of measured values. By comparing
the difference between the measured value T, and the
estimated value T, the error function F can be expressed
as

F= (Test - Tmea)T(Test - Tmea) (19)
By plugging Eg. (17) into (19), one can obtain

F= (ECest - Tmea)T(ECest - Tmea)
=CLE'EC, — T! EC — CLE Tpey + T Tinea (20)

est mea est

This error function can then be minimized by differentiat-
ing F with respect to C as

oF
=0 21
0Ces @)

Following a process of mathematical manipulation, it can
be shown that

E'EC.y = E'T,. (22)
Hence, vector C.; can then be solved as follows:
Cest = (ETE)ilETTmea = RTmea (23)

where R = (ETE) 'E" is called a reverse matrix. Therefore,
when a measured value of Ty, is given, an optimum esti-
mated value Ce for the temperature of inner wall in virtual
area can be obtained by the method of linear least-squares
of errors.

The major objective of this study is to estimate the
geometry of the furnace inner wall. The temperature fields
of the furnace wall and the virtual area can be obtained by
the direct method by using the heat conduction Eq. (5) and
the boundary conditions consisting of the temperature
T(1,0) of furnace outer wall and the estimated temperature
Ceost Of inner wall of virtual area obtained from Eq. (23).
The curve of the isothermal line, T(r, 0) = 1, in the temper-
ature field is just the undetermined geometry of the furnace
inner wall. It should be noted that if the positions of the
isothermal curve do not lie on the grid points of estimation,
the correct positions of the isothermal curve should be
determined by interpolation.

3. Results and discussion

The result of the inverse prediction is in general affected
by the measurement number of points, and the measure-
ment locations, and the measurement errors. In order to
verify the appropriateness of the method proposed in this
study, various points of measurement, and positions of
measurement are used to predict the undetermined geome-
try and the results are used to compare with each other.
Because the real temperature measurement is not carried
out in this study, the temperatures needed for inverse esti-
mation are taken from the temperature field obtained by
the direct solution. In practice, the temperature measure-
ments always contain some degree of error, whose magni-
tude depends upon the particular measuring method
employed. Therefore, the simulated temperature measure-
ments adopted in the current inverse problem are also con-
sidered to include measurement errors. For reasons of
practicality, the present study adds a random error noise
to the exact temperature values computed from the direct
problem. Hence, the measured dimensionless temperature,
Tneas 18 expressed as

Tmea == Texacl(l + O-w) (24)

where Teyac is the field temperature of the measured points
obtained from the direct process, w is a random variable
generated by the DRNNOR subroutine of the IMSL [20],
and o is the standard deviation of the measurement error.
For normally distributed random errors, the probability
of a random value, w, lying in the range —2.576 < w <
2.576 is 99% [10].
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3.1. Case 1: The effect of measurement error

The number of measured points and their locations on
the furnace wall are given in Fig. 2. The function of the
geometry of furnace inner wall is assumed as

7(0) = 0.6 + 0.1 sin(0 + 45°) (25)

The temperature field of the furnace wall can be directly
found from heat conduction Eq. (5), boundary conditions
Egs. (6)—(8), and the geometry of the furnace inner wall.
In order to meet the constraint conditions in inverse pro-
cess, the exact temperature 7o, of 10 measured points
are uniformly distributed on » = 0.95, as shown in Fig. 2.
These data are used to obtain simulated temperature Tiea
with certain measurement errors given by Eq. (24). The
temperature distribution on the inner boundary of the vir-
tual area can then be obtained by Eq. (23). The field tem-
perature of the virtual area and the furnace wall can
finally be obtained by the traditional direct process.
Fig. 3 shows the field temperature of the virtual area and

measured points

Fig. 2.
points.
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Fig. 3. Temperature filed of virtual area and furnace wall with measure-
ment error ¢ = £5%.
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Fig. 4. Effects of various measurement errors on the prediction of the
geometry of furnace inner wall.

furnace wall with a measurement error bound of
0 ==25%. In Fig. 3 the curve of the isothermal line,
T(ri,0) =1, is a undetermined geometry of the furnace
inner wall. On top of the curve is the furnace wall. Below
the curve is the virtual area. Fig. 4 shows the effects of var-
ious measurement errors on the geometry prediction of the
furnace inner wall. If no measurement error is given, i.e.
o = 0, the result of the inverse solution coincides exactly
with the original geometry. This obviously indicates that
under the condition of no measurement error, the exact
solution of Eq. (25) can be obtained by the method pro-
posed in this work. As measurement error exists, the pre-
dicted geometry will deviate from the exact solution, as
shown in Fig. 4. As a measurement error bound is given
as 5%, the furnace wall has a relatively smaller thickness.
This means that the geometry is over-estimated. On the
other hand, a contrary result will be obtained as a measure-
ment error bound of —5% is given. These results manifest
that if the measurement error is positive, a larger measure-
ment value will be obtained. If the temperature of furnace
inner wall is fixed, only thinner furnace wall can obtain a
relatively higher measured value. The reason stated above
is also suitable for negative measurement error. Thus, these
results are coincident exactly with the physical principle.
Additionally, as a measurement error bound of ¢ = £5%
is given, the predicted curve is slightly undulated as com-
pared to the exact solution.

3.2. Case 2: The effect of positions of measurement points

Fig. 5 and 6 show the distribution of measured point
locations and the result of inverse modeling process,
respectively. The geometry of the furnace inner wall in this
example is given as an ellipse with a long axis of 0.7 and a
short axis of 0.5. This can be expressed as
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measured location
r,=0.95
r,=0.85

Fig. 5. Furnace with an elliptical inner wall and positions of measured
points.
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Fig. 6. Effects of various measured positions on the prediction of the
geometry of the furnace inner wall with measurement error ¢ = £0.5%.

7(0) = /(0.5 cos 0)? + (0.7 5in 0)’ (26)

In this study, the error bound of measurement is
assumed to be ¢ = +£0.5%. Twelve measured points are
located on furnace wall at r,, = 0.95, 0.85 and 0.75, respec-
tively. The predicted results are shown in Fig. 6. It is found
that the predicted result is better for measured points near-
est to inner wall. The errors of predicted values increase as
the distance between measured points and the inner wall is
increased. As for the predicted curve of the measured
points at r, = 0.95, the error of the predicted value for
the measured point near 0 = 0° and 0 = 180° is clearly lar-
ger than those of other measured points. This result can be
attributed to that the farther the distance between mea-
sured points and the inner wall, the smaller the measured
temperature. It means that the effect of measurement error
on the prediction is larger than the geometry of the inner
wall. Anyway, even if the measured points are quite near

the outer wall, e.g. at r, = 0.95, the predicted result is still
quite well. Therefore, it is clear that no matter how the
positions of measured points distributed, the undetermined
geometry of the furnace inner wall can be successfully esti-
mated by the proposed method presented in this work.

3.3. Case 3: The effect of number of the measured points

In Fig. 7, the geometry of furnace inner wall is assumed
to be an eccentric ellipse. In order to study the effect of
number of measured points on prediction accuracy, the
measured points in this example are given as in Fig. 7.
Fig. 8 shows the predicted result of 12 measured points
at r, = 0.95 with measurement error bound +5%. It is
found that the predicted values for the measured points
at 150° < 0 < 240° are undulated as compared to the exact
solution. When the number of measured points is increased
to 24, the predicted results are clearly improved since the
measured points are far from the inner wall. As the number

number of the measured points
12 measured points

+ 24 measured points

36 measured points

Fig. 7. Furnace with an eccentrically elliptical inner wall and positions of
measured points.
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0
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Fig. 8. Effects of various number of measured points on the prediction of
the geometry of the furnace inner wall with measurement error ¢ = +5%.
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of measured points is increased to 36, the predicted results
are almost coincident with the exact solution of the mea-
sured points. This means that the effect of measurement
error on geometry prediction is diminished as the number
of measured points is increased, or the increase of reference
data in inverse process. If the measurement equipment is
not good enough to minimize measurement errors, the
method by increasing number of measured points can be
used to enhance the accuracy of prediction in inverse
process.

4. Conclusion

Since the assumption on the form of initial solution is
not necessary, the inverse problem can be analyzed directly.
No iteration is needed in the method of linear least-squares
of errors proposed in this work. The proposed method fits
for all problems in which the geometry is complicated and
undetermined beforehand. The results of the numerical ver-
ification show that the geometry of furnace inner wall,
regardless of sinusoidal, elliptical or eccentrically elliptical
shapes, can be successfully estimated by the proposed
method. Furthermore, the results also show that the devia-
tion of geometry prediction is increased as the distance
between measured points of the undetermined geometry
and the measurement errors is increased. The method pro-
posed by this work has many advantages including: (i) the
time for computational operation is relatively short; (ii) the
number of measured points needed for the estimation of
geometry is little; and (iii) the positions of the measured
points almost do not affect the result of estimation. There-
fore, it is proved to be an excellent approach for real-world
applications with high accuracy and efficiency.
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